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A new type of gauged BPS baby Skyrme model is presented, where the derivative term
is just the Schroers current (i.e., gauge invariant and conserved version of the topological
current) squared. This class of models has a topological bound saturated for solutions of
the pertinent Bogomolnyi equations supplemented by a so-called superpotential equation. In
contrast to the gauged BPS baby Skyrme models considered previously, the superpotential
equation is linear and, hence, completely solvable. Furthermore, the magnetic flux is quan-
tized in units of 2π, which allows, in principle, to define this theory on a compact manifold
without boundary, unlike all gauged baby Skyrme models considered so far.
PACS numbers:
I. INTRODUCTION
The baby Skyrme model [1] (for recent developments see [2]) is a lower-dimensional version of
the Skyrme model [3] which allows to study certain properties of the latter theory in a simplified
environment. The Skyrme model, in turn, is a candidate low energy effective model of QCD which
provides an efficient and very predictive framework for the study of properties of baryons [4], as
well as atomic nuclei [5], nuclear matter [6] and neutron stars [7]. Owing to its simplicity, the
baby Skyrme model can be considered a laboratory where many ideas about 3 + 1-dimensional
Skyrmions can be developed and tested. Furthermore, the baby Skyrme model is of some relevance
in condensed matter physics, so its analysis is of some independent interest, beyond its use as a toy
model.
In its application to nuclear physics, one of the most important challenges for the Skyrme model
is its ability to reproduce the (small) physical values of the binding energies of atomic nuclei. One
way to accomplish this aim is to move the model towards a BPS regime. This is possible, because
the full (generalised) Skyrme model action contains a submodel which is a BPS theory, i.e., has
solitonic solutions with energies linear in the topological charge (baryon number) [8]. The classical
binding energies are, therefore, zero by construction in the BPS submodel. Physical binding energies
can then be obtained by the inclusion of a (small) contribution from the remaining terms of the full
Skyrme model and/or by the inclusion of semiclassical contributions [9]. Here, also the choice of
the potential (non-derivative term) plays an important role, because certain "repulsive" potentials
may, by themselves, further reduce the binding energies [10]. That is to say, the above "near-BPS"
Skyrme model proposal corresponds to assuming that the BPS part of the Skyrme model provides
the main contributions to the nuclear masses. Independently, it has also been shown that the BPS
submodel governs the thermodynamics of Skyrmions in the high density/pressure regime [11].
In line with its role as a toy model for Skyrmions, also the baby Skyrme model has a BPS
2submodel, known as the BPS baby Skyrme model [12] (see also [13], [14]). Its lagrangian reads (for
the moment we omit all coupling constants)
Lbaby BPS = −1
4
(
ǫµνρ
(
~φ · ∂ν ~φ× ∂ρ~φ
))2
− V (~n · ~φ) (I.1)
where the derivative part is the topological current squared
jtopµ =
1
2
ǫµνρ
(
~φ · ∂ν~φ× ∂ρ~φ
)
, (I.2)
~φ ∈ S2 is a three component unit vector field, and ~n is a constant vector, here chosen as ~n = (0, 0, 1).
V is a potential which breaks the original O(3) symmetry of the derivative terms down to O(2)
and has a discrete number of isolated vacua (in practice, we consider only one- and two-vacuum
potentials). In comparison to the full baby Skyrme model, the BPS submodel does not contain the
usual kinetic term, quadratic in derivatives, i.e., the O(3) sigma model term,
LbabySkyrme = LO(3) + LbabyBPS , LO(3) =
1
2
(∂µ~φ)
2. (I.3)
Static solutions of the BPS baby Skyrme model obey a Bogomolny equation and saturate a corre-
sponding topological bound, leading to a linear relation between energies and topological charges
[12], [14], [15]. Another interesting property of this model is that it describes a perfect fluid. In-
deed, the energy-momentum tensor is of the perfect fluid type, and the static energy functional is
invariant under the base space SDiff transformations.
A natural extension of the Skyrme model is its coupling to the electromagnetic field through the
introduction of a U(1) gauge field Aµ [16]. Electromagnetic properties of nuclei form an essential
part of nuclear physics, so this gauged version of the Skyrme model has obvious phenomenological
applications, for recent results see, e.g., [17].
The baby Skyrme model, too, may be coupled to a U(1) gauge field, and the standard procedure
to introduce this coupling is straightforward. One just gauges the unbroken O(2) subgroup by
promoting the partial derivatives of the Skyrme field to covariant ones, ∂µ~φ→ Dµ~φ = (∂µ+Aµ~n×)~φ
[18]. Obviously, this can be done both for the full baby Skyrme model and for the BPS submodel. In
the case of the BPS baby Skyrme model, however, there exist further natural possibilities to gauge
it, and it is the main aim of the present work to analyse the properties of these gauged versions of
the BPS baby Skyrme model. Concretely, the gauging is performed by promoting the topological
current (which is the building block in the derivative part of the action) to its gauged counterpart.
This current, originally introduced by Schroers [18], is uniquely defined by three conditions: gauge
invariance, conservation, and the condition that the space integral of its zero component (the gauged
topological charge density) provides the correct topological charge. Quite surprisingly, this way of
gauging the BPS baby Skyrme model leads to baby Skyrmions with qualitatively new properties.
3II. SOME KNOWN RESULTS
The standard way of gauging the BPS baby Skyrme model leads to the following gauged BPS
baby Skyrme model [19] (coupling constants included)
Lgauge baby BPS = −λ
2
4
(
ǫµνρ
(
~φ ·Dν~φ×Dρ~φ
))2
− µ2V (φ3)− 1
4g2
F 2µν . (II.1)
It has been shown that the model keeps the BPS and perfect fluid properties. There is a topological
bound
E ≥ 4π|n|λ2 〈W ′〉
S2
(II.2)
which is saturated (therefore the theory is of the BPS type) for solutions of the following Bogomolnyi
equations (see [19] for details)
~φ ·D1~φ×D2~φ = W ′ (II.3)
B = −g2λ2W. (II.4)
Here, we have introduced an auxiliary target space function (the "superpotential") W = W (φ3)
defined by the so-called superpotential equation (a nonlinear differential equation in the target
space coordinate φ3)
λ2W ′2 + g2λ4W 2 = 2µ2V. (II.5)
Further, B = F12 is the magnetic field and n is the degree of the solution (topological charge).
Moreover, the prime denotes differentiation with respect to φ3 and 〈W ′〉S2 = (1/4π)
∫
dΩS2W
′ is
the target space average of W ′. Let us briefly comment on the properties of the corresponding
solutions (we refer to the original work [19]-[21]). First of all, such gauged BPS baby Skyrmions
only exist if the superpotential equation has a solution defined on the full target space i.e., for
φ3 ∈ [−1, 1]. Due to the nonlinearity of the equation, this is a highly nontrivial question. For
example, there are no solutions for double vacuum potentials, although non-gauged BPS baby
Skyrmions do exist for these potentials. Secondly, if skyrmions exist at all, they exist for any value
of the topological charge n and carry magnetic flux, Φ =
∫
d2xB, of a fixed value (for a given n).
Specifically, the flux is linear in the topological charge, Φ = Φ0n. However, the proportionality
constant Φ0 is never equal to 2π. Therefore, such gauged solitons cannot be put on a compact
manifold without boundary (a Riemannian surface).
Solitons in the the gauged O(3) sigma model, on the other hand, reveal rather different properties
[18]. First of all, they are of BPS nature (solving a Bogomolnyi equation and saturating the
corresponding bound) only for a unique potential V = (1− φ3)2. Furthermore, these gauged BPS
solitons only exist for topological charge greater that one, and they do not carry magnetic flux of
a fixed value. Instead, there exists a one-parameter family of BPS solutions with a one-parameter
family of fluxes, which never reach the value 2πn. This, again, impedes to consider them on a
compact manifold.
4In the general case, i.e., for the gauged version of the full baby Skyrme model (which, obviously,
is not a BPS theory) one finds solitonic solutions with a fixed magnetic flux, where the flux is
typically a nonlinear function of the topological charge [22], [23]. All this shows that, up to now,
no gauged baby Skyrmions with a quantised magnetic flux Φ = 2πn have been found.
III. SCHROERS CURRENT
The gauge invariant and conserved topological current relevant for baby Skyrmions reads [18]
jµ =
1
2
ǫµνρ
(
~φ ·Dν~φ×Dρ~φ+ F νρ(1− φ3)
)
(III.1)
where the covariant derivative is
Dµ~φ = ∂µ~φ+Aµ~n× ~φ
and Fµν = ∂µAν − ∂νAµ. Note that this current is uniquely defined if an additional condition is
imposed. Namely, that the degree of the map ~φ is equal to
deg [φ] =
1
4π
∫
d2xj0 (III.2)
It is convenient to introduce the notation of [19],
Qµ =
1
2
ǫµνρ~φ ·Dν~φ×Dρ~φ (III.3)
Q ≡ Q0 = ~φ ·D1~φ×D2~φ (III.4)
and
j ≡ j0 = Q+ F12(1− φ3) = Q+B(1− φ3) (III.5)
where B = F12 is the magnetic field. For later use we will also define a deformed Schroers current
j˜µ =
1
2
ǫµνρ
(
~φ ·Dν~φ×Dρ~φ+ F νρσ(φ3)
)
(III.6)
where σ(φ3) is at the moment an arbitrary function of the third component of the baby Skyrme
field. This current is gauge invariant but, in general, not conserved, i.e., ∂µj˜
µ 6= 0.
IV. THE FIRST MODEL - THE SCHROERS CURRENT SQUARED
A. Topological bound and Bogomolny equations
We will consider the following model
L = −λ
2
2
j2µ − µ2V (φ3) (IV.1)
5which is a natural gauged generalisation of the BPS baby Skyrme model, where the topological
current is promoted to the Schroers current.
The energy functional for the static, purely magnetic configurations is (we introduce an energy
scale E0)
E =
1
2
E0
∫
d2x
[
λ2j2 + 2µ2V (φ3)
]
= (IV.2)
=
1
2
E0
∫
d2x
[
λ2Q2 + λ2(1− φ3)2B2 + 2λ2QB(1− φ3) + 2µ2V
]
(IV.3)
=
1
2
E0
∫
d2x
[
λ2Q2 + λ2B2 + 2µ2V
]
+
λ2
2
E0
∫
d2x
[
B2φ3(φ3 − 2) + 2QB(1− φ3)
]
.(IV.4)
We did not add the Maxwell term for the gauge field explicitly, but a Maxwell-type term is, never-
theless, induced. Indeed, the model can be viewed as the usual gauged BPS Skyrme model, with a
particular relation between the coupling constants, and with two new coupling terms included: a
"dielectric" like term where the Maxwell term (magnetic field squared) is coupled non-minimally
to the matter field (we remark that such a modification of the gauged BPS baby Skyrme model has
been very recently analysed in [24]), and a new term which couples the topological current with the
magnetic field. In the case at hand, the Maxwell-type term vanishes in the vacuum (for φ3 → 1),
but later we shall consider generalisations where this is not the case.
The BPS bound can be found in a similar fashion as in [19]. Consider the non-negative expression
0 ≤ λ
2
2
E0
∫
d2x
[
(Q−w(φ3))2 + ((1− φ3)B + b(φ3))2
]
= (IV.5)
λ2
2
E0
∫
d2x
[
Q2 +B2(1− φ3)2 + w2 + b2 − 2Qw + 2(1 − φ3)Bb
]
= (IV.6)
λ2
2
E0
∫
d2x
[
Q2 +B2(1− φ3)2 + w2 + b2 − 2qw
]
+ (IV.7)
+λ2E0
∫
d2x [−wǫijAi∂jφ3 + (1− φ3)bǫij∂iAj ] (IV.8)
The last line can be written as a total derivative if
(1− φ3)b(φ3) = W =
∫ φ3
φ3=1
dt w(t) ⇒ W ′ = w (IV.9)
where we assume that the vacuum value of the baby Skyrme field is φ3 = 1. Furthermore, we used
that
Q = q + ǫijAi∂jφ3, q = ~φ · ∂1~φ× ∂2~φ. (IV.10)
Indeed,
−wǫijAi∂jφ3 + (1− φ3)bǫij∂iAj = −W ′ǫijAi∂jφ3 +Wǫij∂iAj =
−(ǫijAi∂jW − ǫijW∂iAj) = −(ǫijAi∂jW + ǫijW∂jAi) = −ǫij∂j(AiW ). (IV.11)
Then, ∫
d2xǫij∂j(AiW ) = 0 (IV.12)
6as W (φ3 = 1) = 0 by construction. Hence,
λ2
2
E0
∫
d2x
[
Q2 +B2(1− φ3)2 + W
2
(1− φ3)2 +W
′2
]
≥ λ2E0
∫
dd2xqw. (IV.13)
The left hand side is our energy functional if we impose that
λ2W ′2 + λ2
W 2
(1− φ3)2 = 2µ
2V + 2λ2QB(1− φ3). (IV.14)
This is a version of the previously found superpotential equation. In its current form, however, it
is not yet a pure target space (S2) equation since it mixes the baby Skyrme (matter) field with the
gauge field. Finally we get the following bound
E ≥ λ2E0
∫
d2xqW ′ = 4π|n|E0λ2
〈
W ′
〉
S2
. (IV.15)
The bound is saturated if the following Bogomolnyi equations are satisfied
Q = W ′ (IV.16)
(1− φ3)B = − W
1− φ3 . (IV.17)
Now, the superpotential equation can finally be rewritten as an on-shell S2 target space equation.
Indeed, using the Bogomolnyi equations we may eliminate Q and B and find
λ2W ′2 + λ2
W 2
(1− φ3)2 − 2λ
2QB(1− φ3) = 2µ2V
λ2
(
W ′2 +
W 2
(1− φ3)2 +
2WW ′
1− φ3
)
= 2µ2V
λ2
(
W ′ +
W
1− φ3
)2
= 2µ2V. (IV.18)
Hence, it can be reduced to a first order linear differential equation
W ′ +
W
1− φ3 = ±
µ
λ
√
2V (φ3). (IV.19)
This should be contrasted with the former version of the gauged BPS baby Skyrme model, where
the superpotential equation has a highly nonlinear form, making its analytical treatment very
complicated. The corresponding general solution is a sum of the general solution of the homogenous
part and a particular solution of the inhomogenous one. The homogenous part
W ′ +
W
1− φ3 = 0 (IV.20)
has a simple solution
W = A(1− φ3) (IV.21)
where A is an arbitrary constant. Note that all these solutions obey the boundary condition
W (φ3 = 1) = 0. Nonetheless, we will show in an example that only one solution of the super-
potential equation (with the boundary condition) is physically acceptable.
7As an example, we will consider the following family of potentials V = 12 (1 − φ3)2k. Then, the
super-potential obeying W (1) = 0 is
W = A(1− φ3)∓ 1
k
µ
λ
(1− φ3)k+1. (IV.22)
It is straightforward to notice that the solutions with A 6= 0 are not acceptable since they lead to
singular magnetic fields when the baby Skyrme field takes the vacuum value.
B. κ generalisation
A simple but interesting observation is that the Schroers current is not uniquely defined if we
we impose only two out of three properties: gauge invariance and conservation. Indeed, one can
add a purely gauge current with any coupling constant κ without spoiling these properties
jµ → jµ + κ− 1
2
ǫµνρF
νρ. (IV.23)
On the other hand, the integrated charge density of this current no longer provides the topological
charge (it receives contributions from the magnetic flux). However, in our construction of BPS
models, this fact is not problematic. Hence, the most general current reads
jµ =
1
2
ǫµνρ
(
~φ ·Dν~φ×Dρ~φ+ F νρ(κ− φ3)
)
. (IV.24)
The nice feature is that for κ > 1 the vacuum value of the baby Skyrme field (assumed as φ3 = 1)
does not kill the second part of the current identically but leaves the free gauge part. (Obviously, it
also dynamically disappears as the magnetic field tends to 0). This means, at the level of the action,
that assuming the vacuum of the matter field we find the free Maxwell Lagrangian. Therefore,
asymptotically, we deal with the usual (not dielectrically deformed) electromagnetic field.
For the model based on this generalised current we get the same bound which is saturated if (we
restrict to the case when κ > 1)
Q = W ′ (IV.25)
(κ− φ3)B = − W
κ− φ3 (IV.26)
where
W ′ +
W
κ− φ3 = ±
µ
λ
√
2V (φ3). (IV.27)
For example, for the following potential V = 12(1− φ3)2 the solution is
W = ∓µ
λ
(κ− φ3)
[
(1− κ) ln
(
κ− φ3
κ− 1
)
+ 1− φ3
]
. (IV.28)
Here the boundary condition is enough to uniquely fix the solution. No additional (finite magnetic
flux) condition is needed.
8C. The magnetic flux
To compute the magnetic flux, for simplicity we assume the axial symmetry (although, owing
to the symmetries of the model, the final result holds for arbitrary solutions)
~φ(r, ϕ) =


sin f(r) cosnϕ
sin f(r) sinnϕ
cos f(r)

 , A0 = Ar = 0, Aϕ = na(r). (IV.29)
We also introduce the new base space
y =
1
2
r2 (IV.30)
and target space coordinate
h =
1
2
(1− φ3). (IV.31)
Then, the Bogomolnyi equations for κ = 1 model (IV.17) take the following form
2nhy(1 + a) = −1
2
Wh (IV.32)
2hnay = −W
2h
. (IV.33)
If we divide the first equations by the second we find
hy
h
(1 + a)
ay
=
Whh
W
⇒ hyW
Whh2
=
ay
(1 + a)
. (IV.34)
This can be integrated as
lnC(1 + a) = F (h), F (h) ≡
∫ h
0
dh′
W
Wh′h′2
. (IV.35)
Taking into account the boundary conditions a(y = 0) = 0 and h(y = 0) = 1 we get
C = eF (h=1) (IV.36)
and
a = −1 + e−F (1)+F (h(y)). (IV.37)
Now, we can compute the magnetic flux
Φ =
∫
rdrdϕB = 2πn
∫
dyay = 2πna∞ (IV.38)
where a∞ is the value at the infinity or at the compacton boundary, where h = 0. Hence,
a∞ = −1 + e−F (1)+F (0) = −1 + e−F (1). (IV.39)
One should underline that, in opposition to the gauged O(3) model, the magnetic flux is a fixed
function linear in the topological charge, Φ = Φ0n, since a∞ takes one unique value determined
9by the solutions of the superpotential equation. This property is shared also by the previously
considered gauged BPS baby Skyrme models. However, Φ/2π was not an integer number, as F (1)
takes a finite value. Therefore, such a theory cannot be defined on a compact manifold. This feature
is no longer true for our new class of models (IV.1).
Let us consider a particular example and turn to the formerly considered family of potentials
V =
1
2
(2h)k (IV.40)
which lead to the following superpotential
W = ±1
k
µ
λ
(2h)k+1. (IV.41)
Then,
− F (1) ≡ −
∫ 1
0
dh
W
Whh2
= − 1
k + 1
∫ 1
0
dh
h
= −∞. (IV.42)
This results in a∞ = −1. This results in the surprising fact that this model supports gauged baby
Skyrmion solutions with quantised magnetic flux, i.e., Φ/2π is an integer number. Note that this is
the first baby Skyrme type model with this property. It follows that these gauged baby Skyrmions
can be considered on compact manifolds.
Observe also that the κ deformed model with κ > 1 does not possess this property. The
corresponding expression for the flux is
a∞ = −1 + e−F (1), −F (1) = −
∫ 1
0
dh
W
Wh(κ− 1 + 2h)2 . (IV.43)
But now, since κ− 1 + 2h > 0, the integral is finite.
D. Solutions
Let us now solve exactly the κ = 1 model with the potentials introduced above, for the axially
symmetric ansatz. Specifically,
F (h) =
1
k + 1
lnh ⇒ a = −1 + h 1k+1 (IV.44)
or
h = (1 + a)k+1. (IV.45)
Then, inserting this into the second Bogomolnyi equation, we get the following solution: for k <
√
2
we find compactons
a = −1 +
(
1− y
yR
) 1
2−k2
, yR = n
λ
µ
k
2k−1(2− k2) (IV.46)
where yR is the compacton radius, while for k >
√
2 power-like localised solitons
a = −1 +
(
y1
y1 + y
) 1
k2−2
, y1 = n
λ
µ
k
2k−1(k2 − 2) . (IV.47)
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For k =
√
2 we get an exponential solution
a = −1 + e− 2
√
2−1
√
2
µ
nλ
y
. (IV.48)
Using the algebraic relation between a and h we can easily find the profile of the baby Skyrmions.
E. Double vacuum potential
It was a surprising fact for the original gauged BPS baby Skyrme model [19] that there are
no soliton solutions for a double-vacuum potential, although they exist for the non-gauged model.
Here we will show that this is a rather model dependent result which is no longer true for a gauged
BPS baby Skyrme type model constructed by means of the Schroers current (IV.1).
In the following example we consider the potential
V =
1
2
(1− φ3)2(1 + φ3)2 (IV.49)
with two vacua φ3 = ±1. Then the superpotential equation
W ′ +
W
1− φ3 = ±
µ
λ
(1− φ3)(1 + φ3) (IV.50)
has a unique finite flux solution
W = ∓1
2
µ
λ
(3 + φ3)(1− φ3)2 (IV.51)
existing on the whole interval φ3 ∈ [−1, 1]. Thus, the integral
−
∫ 1
0
dh
W
Whh2
= −4
∫ 1
−1
dφ3
(3 + φ3)
(5 + 3φ3)(1− φ3) = −∞ (IV.52)
which results in the quantised magnetic flux Φ/2π ∈ Z. Now, we can solve the Bogomolnyi equations
in the axial ansatz
2nhy(1 + a) = −1
2
Wh (IV.53)
2hnay = −W
2h
, W = 4h2(2− h). (IV.54)
Following the previous strategy we first find an algebraic relation between the magnetic and
skyrmionic functions
a = −1 + e−
∫ 1
h
dh W
Whh
2 = −1 + e 16 ln h
3
4−3h = −1 + h
1/2
(4− 3h)1/6 . (IV.55)
Then, the solution for the Skyrmion profile function is given by an integral∫ h
0
dh′
h′1/2(4− 3h′)7/6 =
µ
nλ
(yR − y) (IV.56)
where the radius of the compacton yR follows from the condition h(y = 0) = 1∫ 1
0
dh′
h′1/2(4− 3h′)7/6 =
µ
nλ
yR. (IV.57)
Numerically it gives
yR ≈ 0.6678nλ
µ
. (IV.58)
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V. THE SECOND MODEL - THE DEFORMED CURRENT SQUARED
All results can be repeated for the deformed current model
L = −λ
2
2
j˜2µ − µ2V (φ3). (V.1)
Here the static energy is
E =
1
2
E0
∫
d2x
[
λ2Q2 + λ2σ2B2 + 2λ2σQB + 2µ2V
]
. (V.2)
The bound has exactly the same form
E ≥ λ2E0
∫
d2xqW ′ = 4π|n|E0λ2
〈
W ′
〉
S2
(V.3)
but the function W is defined by a different superpotential equation containing the deformation
function σ,
λ2W ′2 + λ2
W 2
σ2
= 2µ2V + 2λ2σQB. (V.4)
The bound is saturated for solutions of the Bogomolnyi equations
Q = W ′ (V.5)
σB = −W
σ
(V.6)
Then, the on-shell superpotential equation reads
W ′ +
W
σ(φ3)
=
µ
λ
√
2V (φ3), W (φ = 1) = 0. (V.7)
The uniqueness of the solution is related to the form of σ and, in the case when σ has a zero at
φ3 = 1, the condition of finiteness of the magnetic flux must be added. On the other hand, the
existence of a solution on the whole segment φ3 ∈ [−1, 1] is a mutual effect of σ and V . However,
for reasonable deformations and potentials such a W exists.
VI. THE MOST GENERAL SDIFF INVARIANT GAUGED BABY BPS SKYRME
MODEL
The most general Lagrangian density which can support gauged baby Skyrmions obeying two
requirements: 1) describes a perfect fluid matter (i.e., the energy-momentum tensor has the form of
a perfect fluid and the static, purely magnetic energy functional is (base space) SDiff invariant; 2)
there is a topological bound which is saturated by solutions of the pertinent Bogomolny equations,
reads
L = 1
2
g1Q
2
µ +
1
4
g2ǫ
µνρQµFνρ +
1
4
g3F
2
µν + µ
2V (VI.1)
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where g1, g2, g3 are coupling functions depending on φ3 (and containing coupling constants). The
corresponding static energy is
E =
E0
2
∫
d2x
[
g1Q
2 + g2QB + g3B
2 + 2µ2V
]
. (VI.2)
In order to derive a topological bound we follow the same path as in the previous cases. Consider
th following non-negative expression
0 ≤ E0
2
∫
d2x
[
(
√
g1Q− w(φ3))2 + (√g3B + b(φ3))2
]
= (VI.3)
E0
2
∫
d2x
[
g1Q
2 + g3B
2 + w2 + b2 − 2qw√g1
]
+ (VI.4)
E0
∫
d2x [−w√g1ǫijAi∂jφ3 + b√g3ǫij∂iAj ] . (VI.5)
The last line vanishes as the integrand is a total derivative if
b
√
g3 = W =
∫ φ3
φ3=1
dt w(t)
√
g1(t) ⇒ W ′ = w√g1. (VI.6)
Therefore,
E0
2
∫
d2x
[
g1Q
2 + g3B
2 +
W ′2
g1
+
W 2
g3
]
≥ E0
∫
d2x qw
√
g1. (VI.7)
Assuming that W obeys
W ′2
g1
+
W 2
g3
= 2µ2V + g2QB (VI.8)
we get
E ≥
∫
d2xW ′ = 4π|n| 〈W ′〉
S2
. (VI.9)
Obviously the bound is saturated if the fields obey the following Bogomolnyi equations
√
g1Q =
W ′√
g1
(VI.10)
√
g3B = − W√
g3
. (VI.11)
Now, in the Bogomolnyi sector, we may simplify the superpotential equation to a form which
involves only the Skyrme field (target space equation)
W ′2
g1
+
W 2
g3
+ g2
W ′W
g1g3
= 2µ2V. (VI.12)
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VII. DEFORMED GAUGED O(3) MODEL
Finally, we want to comment on the O(3) gauged model with a potential which is known to
support BPS solitons. Here we very briefly summarise the results of [18]. Let us consider only the
static purely magnetic energy integral
E =
1
2
E0
∫
d2x
[
(D1~φ)
2 + (D2~φ)
2 + (1− φ3)2 +B2
]
. (VII.1)
The corresponding bound and Bogomolny equation have been obtained in [18]. The proof is as
follows. The energy can be written as
E =
1
2
E0
∫
d2x
[
(D1~φ± ~φ×D2~φ)2 + (B ± (1− φ3))2
]
± E0
∫
d2x(~φ ·D1~φ×D2~φ+B(1− φ3))
(VII.2)
where the last integral contains the Schroers density. Hence,
E ≥ 4πE0|n| (VII.3)
where the equality occurs for solutions of the Bogomolnyi equations
D1~φ = ∓~φ×D2~φ (VII.4)
B = ±(1− φ3) (VII.5)
which after the stereographic projection read
D1u± iD2u = 0 (VII.6)
B = ± 2|u|
2
1 + |u|2 . (VII.7)
It was shown that the gauged O(3) lumps exist for |n| ≥ 2 and the magnetic flux is not quantised.
In fact, the flux has no fixed value as a∞ ∈ [−1, 0) [18]. Instead, we have a one-parameter family
of solutions with a one-parameter family of fluxes.
It is straightforward to notice that this construction can be generalised to the following deformed
model
E =
1
2
E0
∫
d2x
[
(D1~φ)
2 + (D2~φ)
2 +
1
g2
(1− φ3)2 + g2B2
]
(VII.8)
where g = g(φ3) is an arbitrary function. Then, repeating the computations above, we find that
again
E ≥ 4πE0|n|. (VII.9)
The bound is saturated if
D1~φ = ∓~φ×D2~φ (VII.10)
gB = ±1
g
(1− φ3) (VII.11)
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or in the complex u field version
D1u± iD2u = 0 (VII.12)
g(|u|)B = ± 1
g(|u|)
2|u|2
1 + |u|2 . (VII.13)
One can immediately ask whether properties of the BPS gauged solitons in the undeformed model
(g = 1) persist in the deformed version (nontrivial g).
First of all, let us observe that the deformation changes only the second Bogomolny equation,
while the first one remains the same. Therefore, there is still a one parameter family of solutions.
To show this we assume the axial ansatz. Then, the equations are (here φ3 = cos f)
f ′ = −|n|1 + a
r
sin f (VII.14)
g(f)a′ = − r|n|
(1− cos f)
g(f)
. (VII.15)
Assuming the standard boundary conditions at the origin, f(r = 0) = π, a(r = 0) = 0 we get that
f ≈ π+Ar|n|. Hence, there is still a one-parameter family of solutions of the Bogomalny equations
(with the boundary conditions). This is reflected in the existence of topological solutions with a
continuous value of the magnetic flux. In other words, the magnetic flux is still not fixed and,
therefore, it is not quantised.
In the next step, we consider a particular deformation provided by g = (1 − cos f)β. Then,
asymptotically at infinity (or at the soliton boundary in the case of compactons), we get
f ′ = −|n|1 + a∞
r
f, a′ = − r|n|
(
f2
2
)1−2β
. (VII.16)
Hence,
a′ ∼ r1−2|n|(1−2β)(1+a∞) (VII.17)
which gives a non-singular a if
(1− 2β)(1 + a∞) > 1|n| . (VII.18)
Following the proof in [18], one can again show that a is a monotonously decreasing function with
a∞ ∈ [−1, 0). Assuming n = 1 we get a condition for β
β <
a∞
2(1 + a∞)
(VII.19)
Therefore, for sufficiently small β charge one solitons exist.
Let us remark that formally equivalent Bogomolnyi equations have been recently found in [25],
however, in the context of models supporting vortices, i.e., with a different topology. This means
that the potential has a one-dimensional vacuum manifold, defined by |u| = v = const., which
is equivalent to a circle S1 ⊂ C (or S1 ⊂ S2 if we consider the original ~φ vector field). As a
consequence, the "Higgs" field covers only the fundamental domain in the complex space, |u| ≤ v,
and the magnetic flux is necessarily quantised in 2π units as it happens, for example, for the Abelian
Higgs model. See also [26].
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VIII. SUMMARY
In the present work, we have studied a new way of gauging the BPS baby Skyrme model, by
promoting the topological current to its gauged version, the so-called Schroers current. This is the
unique current obeying the three conditions that i) it is gauge invariant, ii) it is conserved and iii)
its charge gives the correct degree of the map. The resulting Lagrangian differs in several aspects
from the gauged BPS baby Skyrme model introduced previously in [19]. For example, it contains
two new terms: a non-minimal, dielectric-like coupling between the matter and the gauge field and
a new interaction between the magnetic field and the topological density. Of course, all terms in
the action enter with very specific couplings, which allows to combine them into the square of the
Schroers current, plus a potential.
This new gauged BPS baby Skyrme model possesses very distinctive features if compared with
the old gauged BPS baby Skyrme model (or other gauged baby Skyrme theories). First of all, the
model is completely solvable for any value of the topological charge. This follows from a special
property of the superpotential equation which supplements the Bogomolny equations. Namely, in
contrast to former models, it is a linear differential equation in the target space variable φ3 which
can easily be solved for any potential. As a consequence, gauged solitons exist for any reasonable
potential, also with two vacua. This is different from the (surprising) finding in the old version
of the gauged BPS baby Skyrme model, where solitons in two-vacuum potentials were forbidden.
We see that this fact is related to the specific form of the action (reflected in the superpotential
equation) rather than anchored in some deeper mathematical obstacles of gauged BPS baby Skyrme
type theories.
Secondly, the baby skyrmions found in the model (IV.1) carry quantised magnetic flux, i.e.,
Φ = 2πn. This originates from the fact that the superpotential equation has a singularity at the
vacuum φ3 = 1. As a consequence, this model can be considered on a compact manifold without
boundary. We want to underline that this is the unique baby Skyrme type model (both BPS or not
BPS) with such a property.
Moreover, we found Bogomolnyi equations and the corresponding superpotential equation for
some generalised or deformed models, where the only requirement for them (besides the fact that
they should possess a BPS sector) is the perfect fluid property. Finally, we analysed a deformed
gauged O(3) model, showing that the magnetic flux remains non-quantised (and does not even
assume a fixed value).
We remark that a gauge-invariant and conserved version of the topological current (analogously
to the Schroers current considered here) may be defined for Skyrmions in 3+1 dimensions in the
presence of an abelian gauge field (the so-called Goldstone-Wilczek current [27]). Lagrangians
based on this current may, therefore, also be defined for Skyrmions in 3+1 dimensions and offer
new possibilities to gauge Skyrmions in 3+1 dimensions. This issue is, however, beyond the scope
of the present paper.
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